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ABSTRACT
We show that if E is a separable symmetric Banach function space on
the positive half-line then E has the Kadec-Klee property if and only if,
for every semifinite von Neumann algebra (M, 7), the associated space

E(M, 1) of T-measurable operators has the Kadec—Klee property.

0. Introduction

If E is a normed linear space, then E is said to have the Kadec-Klee property if

and only if sequential weak convergence on the unit sphere coincides with norm

convergence. If E is a separable symmetric sequence space, then it was shown
in [Ar] (see also [Si]) that E has the Kadec—Klee property if and only if the
associated unitary matrix space C; has the Kadec-Klee property. Here C is
the space of all compact operators on [? for which s(z) € E with norm given

by ||:c||cE = ||s(z)|| g, where s(z) = {sn(x)}$° is the sequence of s-numbers of

z. The purpose of this paper is to show that this result of Arazy continues to

hold in the more general setting of symmetric spaces E(M,7) of measurable
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operators associated with a symmetric Banach function space on the positive
half-line R*. Indeed, the principal result of the paper (Theorem 2.7) shows that
the study of the Kadec-Klee property in the non-commutative spaces E(M, 7) of
T-measurable operators affiliated with a given semifinite von Neumann algebra
(M, 1) may be reduced to the study of the same property in the (commuta-
tive) space E. Our methods are completely different to those employed by [Ar]
in the trace ideal setting, and may be of independent interest. In particular,
our approach is based on a systematic study of Kadec—Klee type properties in
(commutative) rearrangement-invariant Banach function spaces [CDSS], and the
study of (non-commutative) symmetric operator spaces using methods of real
analysis [FK], [CS 1,2], [DDP1,2,3]. One new technical ingredient (Theorem 2.5)
shows that if F is separable, then sequences in E(M, 7) which converge to zero
for the measure topology contain subsequences that are approximately disjointly
supported. This is an extension of the non-commutative setting of a well-known
result of Kadec and Pelczynski [KP]. Qur methods yield further theorems of
Kadec—Klee type for symmetric operator spaces in which the weak topology is
replaced by other natural topologies (Theorems 2.8, 2.9). Finally, via a renorm-
ing theorem of A. A. Sedaev [Sel,2], we show that the non-commutative space

E(M, 1) always admits an equivalent Kadec-Klee norm, provided E is separable.

1. Preliminaries

In this section we collect some of the basic facts and notation that will be used
in this paper. We denote by M a semifinite von Neumann algebra on the Hilbert
space H, with a fixed faithful and normal semifinite trace 7. The identity in M
is denoted by 1. A linear operator z: dom(z) — H, with domain dom(z) C H,
is called affiliated with M if ux = zu for all unitary u in the commutant A’
of M. The closed and densely defined operator z, affiliated with M, is called
T-measurable if for every € > 0 there exists an orthogonal projection p € M
such the p(H) C dom(z) and 7(1 — p) < e. The collection of all 7-measurable
operators is denoted by M. With the sum and product defined as the respective
closures of the algebraic sum and product, Misa *_algebra. For ¢,6 > 0 we
denote by N(e,6) the set of all z € M for which there exists an orthogonal
projection p € M such that p(H) C dom(z), ||zp||., < € and 7(1 — p) < §, where
Il - ||, denotes the usual operator norm. The sets {N (e, 6): €,6 > 0} form a base
at 0 for a metrizable Hausdorff topology in MV, which is called the measure
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topology. Equipped with this measure topology, Misa complete topological
*.algebra. These facts and their proofs can be found in the papers [Ne| and [Te].
For standard facts concerning von Neumann algebras, we refer to [SZ], [Tal.

We recall the notion of generalized singular value function [FK]. Given a self-
adjoint operator z in H we denote by e*(-) the spectral measure of . Now
assume that £ € M. Then el*!(B) € M for all Borel sets B C R, and there
exists s > 0 such that 7(e®l(s,00)) < 00. For & € M and t > 0 we define

pi(z) = inf{s > 0: 7(e!l(s, 00)) < t}.

The function p(z): [0,00) — [0,00] is called the generalized singular value
function (or decreasing rearrangement) of x; note that u(z) < oo for all ¢ > 0.
For the basic properties of this singular value function we refer the reader to
[FK]; some additional properties can be found in [DDP1], [DDP2]. We note that
a sequence {z,} C M converges to 0 for the measure topology if and only if
u,(x) = 0forallt>0.

If we consider M = L*°(R*, m), where m denotes Lebesgue measure on Rt as
an abelian von Neumann algebra acting via multiplication on the Hilbert space
H = L%R*,m), with the trace given by integration with respect to m, it is easy
to see that M consists of all measurable functions on R* which are bounded
except on a set of finite measure, and that for f € M , the generalized singular
value function u(f) is precisely the decreasing rearrangement of the function |f|
(and in this setting, pu(f) is frequently denoted by f*). If M = L(H) and T
is the standard trace, then it is not difficult to see that M = M and that the
measure topology coincides with the operator norm topology. If x € M, then z

is compact if and only if lim;_. o 1 (z) = 0; in this case,
u'ﬂ(x):iu‘t(x)7 te[n7n+1)’ n:0’172a-"a

and the sequence {pn(z)}>

0
increasing order and counted according to multiplicity.

is just the sequence of eigenvalues of |z| in non-

By L°(R*,m) we denote the space of all C-valued Lebesgue measurable func-
tions on R* (with identification m-a.e.). A Banach space (E,]|-||,), where E C
L°(R*,m), is called a rearrangement-invariant Banach function space
if it follows from f € E,g € L°(R*,m) and pu(g) < u(f) that ¢ € E and
lglle < |fllp- Furthermore, (E,|| - ||g) is called a symmetric Banach func-

tion space if it has the additional property, that f,g € E and g < f imply
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that ||g||le < ||flle- Here ¢ < f denotes submajorization in the sense of Hardy—
Littlewood—Polya:

t t
/ 1s(g)ds < / 1s(f)ds, forallt>0.
0 0

For the general theory of rearrangement-invariant Banach function spaces, we
refer the reader to [KPS], [BS], [LT], although in the latter two references the
class of function spaces considered is more restrictive.

Given a semifinite von Neumann algebra (M, 7) and a symmetric Banach func-
tion space (E, || - ||g) on (R*,m) we define the corresponding non-commutative
space E(M, 1) by setting

E(M,7) = {z € M: p(z) € E}.

Equipped with the norm {|z| 5 ,, ,, = [|a(z)|| g, the space (E(M,7), |- [l ziu.y)
is a Banach space and is called the (non-commutative) symmetric operator
space associated with (M, 7) corresponding to (E, || - ||g). An extensive discus-
sion of the various properties of such spaces can be found in [DDP1,2,3]. We
shall frequently use the following submajorisation inequality: if z,y € M then

lu(z) — w(y)| < wz-1y)

which is proved in [DDP1]. It follows in particular that if E is a symmetric
Banach function space on Rt and if z,y € E(M, 1), then

(@) = s@llz < 112 = Yllspn,ny-

If £ is a symmetric Banach function space on Rt, then E is separable if
and only if the norm on E is order continuous in the sense that 0 < f. | 0
in E implies that ||f ||, |, 0, and in this case, the norm is order continuous
(in the obvious sense) on the non-commutative space E(M, 7). The symmetric
space E is separable if and only if the Banach dual space E* coincides with the
(first) associate space (or Kothe dual) of E. In this case, the dual space E* is a
symmetric Banach function space on R* and it follows from [DDP3] Theorems
5.6, 5.11 that the Banach dual of the space (E(M,7), || ||5..,) is the space
(E*(M,7), I'll g+ (pa.ry)- If E is separable, then E is fully symmetric in the sense
that f € E,g € L%(Rt,m) and g <« f implies that g € E and |||, < {|fll5-

The following criterion for convergence in symmetric operator spaces is proved
in [CS1] and [CS2], Theorem 5.2.
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THEOREM 1.1: Let E be a separable symmetric Banach function space on RY.
Iz x, € E(M,7),n=1,2,..., then the following statements are equivalent:
(1) ”xn - xHE(M,r) — 0.
(i) llu(zn) — p(@)l gae,ry, — 0 and T, — x weakly.
(iti) llu(zn) — 1
(iv) N(zn) — (@) geas,,y — O and 7(zne) — 7(ze) for all projections e € M
with 7(e) < oo.

()|l gean.ry — 0 and x,, — z in the measure topology.

If A is a von Neumann subalgebra of M, then N will be called proper if
the restriction 7,, of 7 to A is again semi-finite. The proof of the following
result, which is essentially due to Ov¢innikov [Ov1,2], may be found in [DDP2],
Theorem 3.5.

PROPOSITION 1.2: If0 < z € M, and if lim_o0 p1¢(z) = O, then there exists a
proper von Neumann subalgebra M, C L°°(R*) with u(z) € ﬂ:, a proper com-
mutative subalgebra M_ C M and a positive rearrangement-preserving algebra
x-isomorphism J_ of Mt onto ./T/i\: whose restriction to the projections of M is
a Boolean algebra isomorphism onto the projections of M_ and for which

J. (u(z)) = =.

If N C M is a proper von Neumann subalgebra, then the conditional
expectation

Eyt LM, 1)+ M — LYWV, 7, )+ N
is defined as in the commutative setting via the equality
W@y =T(zy), rTeL'M,7)+M, yeL'W,7y)NAN,
and an appeal to the fact that the spaces L}V, 7, ) + N, LYWV, 7, ) NN are dual
in the sense of Kothe. See, for example, [DDP3] Theorem 5.6.

LEMMA 1.3: Let N C M be a proper von Neumann subalgebra. If E is a
separable symmetric space on RY, then Ex(z) € E(N,7,,) for all x € E(M, )

and
Ty (Ex(2)y) = 7(zy), =€ EM,7), ye EW,1,)* =E*(N, Ty)-

Proof:  'We observe that for each € E(M, ), the mapping y — 7(zy),y €
E(N,7,)*, is a normal linear mapping in the sense of [DDP3] Definition 5.8
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Consequently, by [DDP3] Theorem 5.11, there exists a unique element £(z) €
E**(N, 1, ) such that

T (E(@)y) =T(zy), z€ EM,7), ye€EWN,7,)".

Here, F* denotes the Kéthe dual of F. It follows immediately that £ coincides
with the restriction of £, to E(M, 7). Since E is separable, and £, (z) < p(z) €
E for all z € E(M, 1), it follows that £(z) = £,,(x) € E(N, 7,,) and this suffices
to conclude the proof of the lemma. 1

2. Kadec—Klee properties in symmetric operator spaces
The following is an immediate consequence of [CDSS] Propositions 2.1, 2.4.

ProPOSITION 2.1: Let E be a separable symmetric Banach function space on
R* with the Kadec—Klee property. If z,x, € E , ift <« z,,n=1,2,..., and if

|znlls — llzll 5, then the sequence {u(x,)} converges to p(x) in measure.

LEMMA 2.2: Let E be a separable symmetric Banach function space on R* with
the Kadec—Klee property and let x € E(M,7),{x,} C EM,7). Ifz,, - z
weakly and if |Zn || 5 ps .y = I1Z]| g oy» theD T, — x for the measure topology.

Proof: 1f z = ulz| is the polar decomposition of  then it is clear that u*z, — |z|
for the weak topology o(E(M,1), E(M,7)*). Let N = N, M,_,J_ be as

fz1? 2 =) ? V=)

in the statement of Proposition 1.2. If £, is the conditional expectation from
LY(M,7) + M onto LY(N),7,) + N, then it follows from Lemma 1.3 that
&, (u*z,) — |z| for the weak topology o(E(N, T, ), E*((N,T,)). Since

ew (DM ryy < Welloeann
for all z € E(M, ), it follows from a routine argument that

HEN(U*xn)”E(N,TN) - ”.”L‘”E(M’T) = |||w”|E(/\f,rN)'

We denote by £ the conditional expectation of (L' + L*){R*) onto
(L4 L=)(M, ).

Since E(N,7,) is isometrically isomorphic to J o £ (E), it follows that
E(N,7,) has the Kadec—Klee property and so

€x (u*zn) — IC':I“E(N,TN) -0,
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and consequently, via [DDP1],

(Ex (w2n)) = pllzDllz — O.

Forn=1,2,..., set h, = u(€,. (u*z,)) — u(|z|) and observe that
wzx) < plhn) + p(zn), n 21
Since

(@) + wha)lls = (@)l g

it follows from Proposition 2.1 preceding that u(z,) + p(h.) — p(z) in
measure, and since p(h,) — 0 in measure, it follows also that u(z,) — p(z)
in measure. Now suppose that g € E* is such that ||g||,. = 1 and |[u(z)||, =

f[oyoo) pe(x) pe(g)dt. Set
(1) Z/ ps(g)ds, t>0,
[0.t)

and let A, be the corresponding Lorentz space on R* consisting of all f € L'nL>®
for which

I, = [ wiHo 0= [ (Dl < oo

[0,00)

Since E embeds continuously into A, with norm at most one, it follows that

timsup [la(za)lly, < lim [lu(za)l5 = 6@,

n—o

On the other hand, lower-semicontinuity of the norm on A , for convergence on
measure implies that

@)l < lminf lu(zn)],, -

Consequently
(@l = 6@l

and so by [CDSS] Corollary 1.3, it follows that

lln(2a) = (2)lls, — 0.
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Since A, embeds continuously into L' + L, it follows also that

”ﬂ(xn) - I'L(x)"L1+Lm - 0.

If F is the closure of L' N L*™ in L! + L*°, then F is separable and u(z,),
u(z) € F for all n > 1. Since z, — = pointwise on L*(M,7) N M and since
lu(@e) = w@)l, = lu(zn) — (@)1, 0 — 0, it follows from the Theorem 1.1
that

lzn —2lle = llza —zll,1, 0 — 0
and the assertion of the Lemma now follows. | |

LEMMA 2.3: Let (M,1),(N,0) be semifinite von Neumann algebras and let
0<z,y€ M,0<uveN. Ifey =0,ux) < p(u) and p(y) < p(v), then
wz+y) < plu+o).

Proof: Without loss of generality, we may assume that M contains no minimal
projections. Otherwise we embed M into M ® L°°([0, 1], dm) and observe that

u(z) = p(z®1)

where the decreasing rearrangement on the right is calculated relative to the ten-
sor product of 7 and the natural trace induced on L*°([0, 1], dm) by integration.
By [FK] Lemma 4.1,

t —
1) / us(2)ds = sup{r(eze):e € MP,T(e) <t}, 0< zeM, t>0.
0

For t,e > 0, it follows from (1) and zy = 0 that there exist disjoint projections
e1, ez in M and a real number 0 < a <t such that

T(e1) < a, T(eg) <t —a

and

t
/ ps(z + y)ds < T(erzer) + T(eaye2) + ¢
0

thus

(2) /ot ps(z+y)ds < /Oa ps(u)ds + /0 R ps(v)ds +e.
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Again from (1), there exist projections es, e4 in M such that
T(e3) < a, T(eg) Lt—a
and
o t—-a
(3) / us(u)ds +/ us(v)ds < 7(eguez) + T(eqveq) + €.
0 0

Set € = e3 V eq, then 7(e) <t and

(1) 7(egues) + T(eqves) < T(e(u +v)e) < /0 ws(u -+ v)ds.

The lemma follows now from (2), (3) and (4). |

LEMMA 2.4: If (M, 1) Is a semifinite von Neumann algebra, and if e, f are
projections in M with 7(f) < co, then

T(FA(l-¢€) 27(f) —7(e).

The proof of the Lemma follows immediately from the fact that the projections
f—FfA(l—e), fV(1-e)—(1—e¢) are equivalent, together with the equality

fvil-e)—(1-e)=(fVv(l—e))Ae.

We show now that sequences converging to zero for the measure topology con-
tain subsequences that are approximately both right and left disjointly supported.
For the case that 7(1) < oo, the theorem which follows is proved in [Su}, and in
the case that M is commutative is due to Kadec and Pelczynski [KP]. See also
|KSS].

THEOREM 2.5: Let E be a separable symmetric space on R*. If the sequence
{z=} C E(M,7) converges to zero in the measure topology, then there exists
a subsequence {y.} C {z.} and sequences {p,},{g.} of mutually orthogonal
projections in M such that

”yn - Qnynpn”E(M,,) - 0.

Proof: By [Su], Proposition 2.2, we may assume that 7(1) = co. We assume
first that =, > 0,n > 1. Setting e, = X3=n o) (zn), n > 1, and passing to a
subsequence if necessary, we may assume that

T(en) <27, Tpen =enZn > 2 "e,, Tnef =elz, < 2 "ek
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for allm > 1 where fL =1—f. Weset e =\/, 5, €,. Note that 7(e) < 1. Passing
to a further subsequence if necessary and relat;elling, it follows from the proof of
[Su], Proposition 2.2 applied to the finite von Neumann algebra eMe, that there
exists a sequence {p/,} of mutually orthogonal projections in M with 0 < p!, <e
for all n > 1, such that

0.

Hxnen - xnenp;zl My

We may assume that ||[zneqx]l,, my 7* 0. By separability of E, there exist
projections 0 < f, < e such that foz, = T, fn, 7(fr) < 00 and

lznen — Tafallpany <277 n 21
Further, the estimate

fnnll sar,y < 27" X0, g s

shows that 7(f,) — co. We now define a subsequence {n(k)} of natural numbers
and sequences {p}}5°, {rx}$° of projections in M as follows. Choose n(1) such
that

T(fay) > 7(e) and  ||u(@n1)fr)) X0 lls < 27
Set r1 = e and let pf = f,q) A (1 —e). Observe that Lemma 2.4 implies

that pi # 0. If natural numbers n(j) and projections p7,e; have been defined,
1<j<k,setrp=e Vpg(l) V.-V ph_;. Choose n(k) such that

T(fn(k)) > T(Tk) and ”N(xn(k)fn(k))X[o,f(rk))“E < 2_k7

and set pj = faoy A (L — r¢). This choice is possible because 0 < z,f, <
27" f,, n > 1. From Lemma 2.4, it follows that

T(faky = P%) = T(fas) = Fay A(X —7&)) < 7(ri), k>1

and this implies as well that p} # 0. It is clear that p/pl;, = 0foralln,m > 1,n #
m and, since p/! <1 — e, it follows also that plip,, = 0, for all n,m > 1,n # m.

We obtain that

Znk)€nir) = Zn(e)ngeyPill sanry < 27° + 18ntk) far) = Tne)Pill seacny

<27k 4 |x iy 1 En(e) Fr)l &

[0.7(f (k)P
< Z_k + ”X[o,r(rk))/—l'(xn(k)fn(k))”E
<R >
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BI/]

By suitable relabelling, we may assume that ||z e — T,e5 D)) — 0. If we

scamy
set p, = pl, + pi and observe that

TnPn = (Tnen + Tne)(ph + D) = Tnenpl, + Tnenpls, n>1,

we obtain that p,p,, = 0 for all n,m > 1,n # m and

||1,'n - znpn”E(M,r) — 0.

The assertion of the theorem now follows by the same argument as in the finite
trace setting. We include the details for the sake of completeness. Suppose that
{z,} T E(M,T) converges to 0 for the measure topology. By the first part
of the proof applied to the sequence {|r,|}, and passing to a subsequence if
necessary, there exists a sequence {p,} of mutually orthogonal projections such

that || |zn| — [alPnll goa.., — O- From the polar decomposition, it follows that

”.’L‘n - xnpn“E(M,T) < “ lxnl - Ixnipn”E(_M,r) — 0.

Again passing to a subsequence and relabelling, there exists a sequence {¢,} of
mutually orthogonal projections such that (|pn2}, — pnzy@nll 5ar.,, — 0, and the
assertion of the theorem now follows. |

Ifz e ﬂ, then the right and left support projections of z are denoted by

7(x),I(x) respectively. Recall that if £ = u|z| is the polar decomposition, then
uw*u = r(z) and vu* = l(z) (see, for example, [Ta]). If {z,} € M, then {z,)}
is said to be right (respectively, left) disjointly supported if and only if
7{Zn)7(Tm) = O (respectively, {(z,)l(zm) = 0) for all m # n.
LeMMA 2.6: Let E be a separable symmetric Banach function space on Rt .
Assume that ¢ € E(M, 1), that {y,} C E(M, 1) is both right and left disjointly
supported and that y, — 0 o(E(M,7), E(M,1)*). There exists f € E and a
sequence {fn} C E such that

(i) ffa=fafm =0, nm>1,n#m;

(i) pu(f) =n@), w(fa)=mnyn), n2y

(i) fn — 0 o(E,E*);

(i) Ifn + flle = Iz + ynll ppn,., = 0-
Proof: We let Rt =J." , I, where I, N I; = 0,n # j,m(I,) = co,n,j > 0 and
each I, is a countable disjoint union of semi-open intervals of the form [a, b). Let

¢n: I, — R be a measure preserving bijection for each n > 0. We set

f = H(x) o ¢o, fn = :u(yn) o¢n, n>1
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It is clear that (i) and (ii) are satisfied. To show (iii), let ¢ € E* and set
gn = gX,,,n 2> 1. For each n > 1, we let M, = M M, =M Jo=J

lynl? lyn{? ¥ M Jynl

be as given by Proposition 1.2, and let &, be the conditional expectation of
(LY + L®)(R*) onto (L' + L®)(M,,). We observe that

/ fngdm = u(yn) o ¢ngndm
[0,00) [0,00)

= / N(yn)gn(gn o ‘b;l)dm
[O’M)

= 7 (Ja(8(yn)) Jn(Enlgn 0 $71))
= T(lynlzn)a

where 2, = Jo(En(g o ¢71))n > 1. For n > 1, let yo = unlyn| be the polar
decomposition. Observe that

u(r(y;)zu;) < plz;) < w(gs), 721
Since

Wlr(ys)ziu;)) = r(r(y;)zu;) < Uys), 721,

it follows from Lemma, 2.3 that

N N

D olrw)zuil < > g <g, N2>1,

j=1 i=1

and consequently

N>1.

E*(M,r)?

N
I 1r@3) 2595 Ml e aary < Nl
o

It follows from [DDP3] Corollary 5.12 that

N
w= sg’pz |7 (y5) 243
i=1

exists in E*(M, 1) and that

r(yw) =Y r@ylr(y;)zu}l), v € EM,7).

i1
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We let
r(yj)ziu; = vilr(y;)zuil, j=>1

be the polar decomposition, set v = )., v;, with convergence for the strong
operator topology, and let z = vw € E*(M, 7). Since v;v; < 7(y;), it follows
that ynv = ynvn, for all n > 1, and since vjv; < l(y;), 5 > 1, it follows that
vn|r(y;)2z;uf| = 0,n # j. Consequently,

T(Yn2) = T(YnVnw)

ZT ?;‘nvnlr(yg Ziu D
=1

II

(ynr(yn)znun)
= n n) = fngdm,
T(|ynl2 /[O’w) gdm

and the assertion of (iii) now follows.
To establish (iv), if

Prn=supl(y:), gn=supr(y:), n>1,
i>n i>n
then pt 1, 1,¢+ T» 1 and it follows from [CS1] that

”I - pi‘xq'r%”E(M.r) — 0.
Since
PR zqn + vnl = Iprzan| + lyn]

it follows easily that

p(Pr ey + yn) = p(Pr g | + lynl) = 1 (L(PEzar) © do + fn)

and so
P 2g + Ynllsoanry = (PR zar) © do + full 5.
It follows that

l“x + yﬂ“E(M 5 [|fn + el
< ”III - pn 245 “E(M ) + |Hll' Y2 an) - lu'(x)l ¢0”E

< 2”‘7: pn an ”E(M T)
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and the statement of (iv) now follows. |

We remark that if in Lemma 2.6 preceding, the assumption that y, — 0 weakly
is replaced by the assumption that y, — 0 for the measure topology, then the
conclusion of the Lemma continues to hold if assertion (iii) is replaced by the
statement that f, — 0 in measure.

We may now state the principal result of this paper.

THEOREM 2.7: If E is a separable symmetric Banach function space on RY,
then E has the Kadec—Klee property if and only if E(M, 1) has the Kadec—Klee
property for every semifinite von Neumann algebra (M, 7).

Proof: Let z € E(M,7),{z,} € E(M,7). Suppose that =, — x weakly
and ||Znll puery = 1%l 5ear.ry- It follows from Lemma 2.2 that z, — z for the
measure topology and so passing to a subsequence and relabelling if necessary,
and appealing to Theorem 2.5, we may assume that there exists a right and left
disjointly supported sequence y, C E(M, 1) such that z, = £ + yn,n > 1. Let
f,{f»} be as in the statement of Lemma 2.6 and note that f, + f — f for the
weak topology o(F, E*). Since

”93 + yn”E(M,f) = ”mn“E(M,-.-) - ]l'rllE(M,r)’

it follows from Lemma 2.6(iv) that ||f 4+ fn|lz — ||fll5. Since E has the Kadec-
Klee property, it follows that ||f.||; — 0. Consequently,

”xn - ‘z”E(M,r) = ”yn”E(M,f) = ”fn”E -0,
and this completes the proof of the theorem. |

In the trace ideal setting, the preceding theorem is due to Arazy [Ar].

Let E be a separable Banach function space on R*. The space E(M, 7) is said
to have the Kadec—Klee property with respect to L'(M,7) N M (respectively,
the measure topology) if and only if z,2, € E(M,7),n = 1,2,...,2, — =
for the weak topology o(E(M, ), L}(M, 1) N M) (respectively for the measure
t0pology), [[2allscasy = ellacuery LY 12 = 2l — 0. We remark that
if E has the Kadec—Klee property with respect to L' N L™, then evidently E has
the Kadec—Klee property. However, the converse is not valid [CDSS], Example
2.8 and Theorem 2.10. With the obvious notational changes, the proof of the
preceding Theorem immediately yields the following result.
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THEOREM 2.8: If E is a separable symmetric Banach function space on RT, then
E has the Kadec-Klee property with respect to L' 0 L* if and only if E{M,T)
has the Kadec-Klee property with respect to L*(M, 1) N M for every semifinite

von Neumann algebra (M, 7).

In the trace ideal setting, the preceding theorem is noted in [Ar], with a more

direct proof being given in Simon [Si}.

THEOREM 2.9: If E is a separable symmetric Banach function space on R*, then
E has the Kadec-Klee property with respect to the measure topology if and only
if BE(M, 1) has the Kadec-Klee property with respect to the measure topology
for every semifinite von Neumann algebra (M, 7).

The preceding theorem follows easily from Theorem 2.5 and the remark follow-
ing Lemma 2.6. We leave further details to the interested reader. The preceding
Theorem 2.9 may also be found in {CS1], where it is proved by other methods.
The present approach via Theorem 2.5 is not only somewhat simpler that of [CS1]
but provides a unified approach to the widen class of Kadec—Klee properties con-
sidered here. Let us mention that it follows, in particular, from Theorem 2.9 that
the spaces LP(M, 1), 1 < p < oo have the Kadec—Klee property for the measure
topology. This result was first proved by Fack and Kosaki ([FK], Theorem 3.7).

If E is a separable symmetric Banach function space on R, then it has been
shown by A.A. Sedaev [Sel,2] that there exists an equivalent symmetric norm ||-||o
on E such that (E,||-||o) has the Kadec-Klee property with respect to L' N L*°;
in particular, (E,|| - ||o) also has the Kadec—Klee property, and from [CDSS],
Proposition 1.7, it follows further that (E, || - |lp) has the Kadec-Klee property
for convergence in measure. For the case of the usual Kadec-Klee property in
symmetric function spaces on the interval [0, 1], see also [DGL]. It follows from
Theorems 2.7, 2.8, 2.9 that Sedaev’s renorming theorem immediately carries over
to the non-commutative setting.

COROLLARY 2.10: If E is a separable symmetric Banach function space on R*,
then F(M, ) admits an equivalent norm || - || such that (E(M,1),||-|I') has
the Kadec-Klee property with respect to L, (M, 1) N M, and the Kadec-Klee
property with respect to convergence in measure. In particular, (E(M, 71}, ")
has the Kadec-Klee property.

We mention one further consequence of Theorem 2.9. Let 7 be the standard
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trace on L(H). If A, is a separable Lorentz space on Rt then A, has the Kadec-
Klee property for convergence in measure, by [CDSS] Corollary 1.3. If we denote
by C, the trace ideal A,(L(H),7), then Theorem 2.9 implies that C, has the
Kadec—Klee property for convergence in measure. Since the measure topology
coincides with the operator norm topology in this special case, we obtain the
following characterisation of norm convergence in C,.

COROLLARY 2.11: If A, is a separable Lorentz space on R*, and if z,z, €
C,,n > 1, then the following statements are equivalent:
() llon = zlle, —0.

(i) lzn — 2].. — 0 and lzn]le, — llzlc,.
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