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ABSTP~ACT 

We show that  if E is a separable symmetric  Banach function space on 

the positive half-line then E has the Kadec-Klee property  if and only if, 

for every semifinite von Neumann algebra (.&4, T), the associated space 

E(2¢1, v) of T-measurable operators has the Kadec-Klee property. 

0. I n t r o d u c t i o n  

If E is a normed linear space, then E is said to have the Kadec-Klee property if 

and only if sequential weak convergence on the unit sphere coincides with norm 

convergence. If E is a separable symmetric sequence space, then it was shown 

in [Ar] (see also [Si]) that  E has the Kadec-Klee property if and only if the 

associated unitary matr ix  space C E has the Kadec-Klee property. Here C~ is 

the space of all compact operators on l 2 for which s(x) E E with norm given 

by Ilxll% = IIs(x)ll~, where s(x) = {Sn(X)}~ ° is the sequence of s-numbers of 

x. The purpose of this paper is to show that  this result of Arazy continues to 

hold in the more general setting of symmetric spaces E(./~,T) of measurable 
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operators associated with a symmetric Banach function space on the positive 

half-line ]R +. Indeed, the principal result of the paper (Theorem 2.7) shows that  

the study of the Kadec-Klee property in the non-commutative spaces E(AA, T) of 

r-measurable operators affiliated with a given semifinite von Neumann algebra 

(A~,T) may be reduced to the study of the same property in the (commuta- 

tive) space E. Our methods are completely different to those employed by JAr] 

in the trace ideal setting, and may be of independent interest. In particular, 

our approach is based on a systematic study of Kadec-Klee type properties in 

(commutative) rearrangement-invariant Banach function spaces [CDSS], and the 

study of (non-commutative) symmetric operator spaces using methods of real 

analysis [FK], [CS 1,2], [DDP1,2,3]. One new technical ingredient (Theorem 2.5) 

shows that  if E is separable, then sequences in E(A4, T) which converge to zero 

for the measure topology contain subsequences that  are approximately disjointly 

supported. This is an extension of the non-commutative setting of a well-known 

result of Kadec and Pelczynski [KP]. Our methods yield further theorems of 

Kadec-Klee type for symmetric operator spaces in which the weak topology is 

replaced by other natural topologies (Theorems 2.8, 2.9). Finally, via a renorm- 

ing theorem of A. A. Sedaev [Sel,2], we show that  the non-commutative space 

E(A~, 7) always admits an equivalent Kadec-Klee norm, provided E is separable. 

1. P r e l i m i n a r i e s  

In this section we collect some of the basic facts and notation that will be used 

in this paper. We denote by A~ a semifinite von Neumann algebra on the Hilbert 

space ~-/, with a fixed faithful and normal semifinite trace T. The identity in A~ 

is denoted by 1. A linear operator x: dom(x) -+ 7-/, with domain dom(x) C_ 7-/, 

is called aff i l iated w i t h  AA if ux  = x u  for all unitary u in the commutant A& 

of A~. The closed and densely defined operator x, affiliated with • ,  is called 

T-measurable  if for every e > 0 there exists an orthogonal projection p E A~ 

such the p(T/) C_ dom(x) and T(1 -- p) < C. The collection of all ~--measurable 

operators is denoted by A~. With the sum and product defined as the respective 

closures of the algebraic sum and product, A/I is a *-algebra. For e, 5 > 0 we 

denote by N(e ,  5) the set of all x E A/l for which there exists an orthogonal 

projection p • .M such that  p(~)  C_ dom(x), ]]xp]]~ < e and T(1 -- p) _< 5, where 

H" ]]~ denotes the usual operator norm. The sets {N(e ,  5): e, 5 > 0} form a base 

at 0 for a metrizable Hausdorff topology in M ,  which is called the m e a s u r e  
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t o p o l o g y .  Equipped with this measure topology, A4 is a complete topological 

*-algebra. These facts and their proofs can be found in the papers [Ne] and [Te]. 

For standard facts concerning von Neumann algebras, we refer to [SZ], [Ta]. 

We recall the notion of generalized singular value function [FK]. Given a self- 

adjoint operator x in  7-I we denote by e=(.) the spectral measure of x. Now 

assume that  x E Ad. Then e I~l (B) C A/I for all Borel sets B C_ ~, and there 

exists s > 0 such that  T(el~l(s, co)) < oo. For x C M and t _> 0 we define 

#t(x) = inf{s _> 0: T(el~l(s, co)) < t}. 

The function p(x): [0, ~ )  -~ [0, 0o] is called the g e n e r a l i z e d  s i ngu l a r  va lue  

f u n c t i o n  (or decreasing rearrangement) of x; note that  ttt(X) ~ (:~ for all t > 0. 

For the basic properties of this singular value function we refer the reader to 

[FK]; some additional properties can be found in [DDP1], [DDP2]. We note that  

a sequence {xn} C_ A/I converges to 0 for the measure topology if and only if 

#~ (x) --* 0 for all t > 0. 

If we consider A~ = L ~ (~+, m), where m denotes Lebesgue measure on R + , as 

an abelian yon Neumann algebra acting via multiplication on the Hilbert space 

7-/= L2(~ + , rn), with the trace given by integration with respect to rn, it is easy 

to see that  AA consists of all measurable functions on R + which are bounded 

except on a set of finite measure, and that  for f E A4, the generalized singular 

value function p ( f )  is precisely the decreasing rearrangement of the function [f] 

(and in this setting, p ( f )  is frequently denoted by f*).  If  A4 = £( 'H) and 7 

is the standard trace, then it is not difficult to see that  A4 -- A~ and that  the 

measure topology coincides with the operator norm topology. If x C M ,  then x 

is compact if and only if l imt - .~  #t(x) = 0; in this case, 

#n(x)=pt(x), tE[n ,n+l ) ,  n = 0 , 1 , 2 , . . . ,  

X o o  and the sequence {#,~( )}.=o is just the sequence of eigenvalues of Ix[ in non- 

increasing order and counted according to multiplicity. 

By L° (~  + , m) we denote the space of all C-valued Lebesgue measurable func- 

tions on ~+ (with identification m-a.e.). A Banach space (E, II" lIE), where E _C 

L°(I~+,m), is called a r e a r r a n g e m e n t - i n v a r i a n t  B a n a c h  f u n c t i o n  s p a c e  

if it follows from f E E,g C L°(]~ +,m) and #(g) <__ # ( f )  tha t  g E E and 

ItgllE <- llfltE" Furthermore, (E, t1" lIE) is called a s y m m e t r i c  B a n a c h  func-  

t i on  s p a c e  if it has the additional property, that  f ,  g C E and g -~ f imply 
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that  [[gliB _< [[f][E. Here g -~ f denotes submajorization in the sense of Hardy- 

Littlewood-Polya: 

/0 /0 p~(g)ds <_ #~(f)ds, for all t > 0. 

For the general theory of rearrangement-invariant Banach function spaces, we 

refer the reader to [KPS], [BS], [LT], although in the latter two references the 

class of function spaces considered is more restrictive. 

Given a semifinite von Neumann algebra (A4, T) and a symmetric Banach func- 

tion space (E, []. liE) on (]~+, m) we define the corresponding non-commutative 

space E(A4, r) by setting 

E(M,  = (x • M: , (x)  • E}.  

Equipped with the norm [[x[[~(~,~ := [[#(x)[[E, the space (E(A4, T), [] • [[~:~.~) 

is a Banach space and is called the (non-commutative) s y m m e t r i c  o p e r a t o r  

space  associated with (.M, 7) corresponding to (E, [[- [[E). An extensive discus- 

sion of the various properties of such spaces can be found in [DDP1,2,3]. We 

shall frequently use the following submajorisation inequality: if x, y • A4 then 

I (x) - , ( y ) l  , ( x  - y) 

which is proved in [DDP1]. It follows in particular that  if E is a symmetric 

Banach function space on R + and if x, y • E(A4, ~-), then 

If E is a symmetric Banach function space on R +, then E is separable if 

and only if the norm on E is order continuous in the sense that  0 _< f~ l~ 0 

in E implies that  ]]L]]E l~ 0, and in this case, the norm is order continuous 

(in the obvious sense) on the non-commutative space E(A4, T). The symmetric 

space E is separable if and only if the Banach dual space E* coincides with the 

(first) associate space (or Khthe dual) of E. In this case, the dual space E* is a 

symmetric Banach function space on R + and it follows from [DDP3] Theorems 

5.6, 5.11 that  the Banach dual of the space (E(.A4,T), [[ " [[E(~,,)) is the space 

(E* (M,  T), ]l'][(~*(~,~)" If E is separable, then E is ful ly  s y m m e t r i c  in the sense 

that  f • E, g • n°(R +, m) and g -~ f implies that  g • E and [[g[[E -< [[f[[~- 

The following criterion for convergence in symmetric operator spaces is proved 

in [CS1] and [CS2], Theorem 5.2. 
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THEOREM 1.1: Let E be a separable symmetric Banach function space on ]~+. 

I f  x, x~ • E(A/t, T), n = 1, 2 , . . . ,  then the following statements are equivalent: 

(i) Ilx= - xtl~(,~,~ -* O .  

( i i )  I I ~ ( x ~ )  - ~(x)ll,~¢,,.,,.~ - - '  0 ,~nd ~,~ -- ,  x weak ly .  

(iii) [Ip(xn) - #(x)[[E(~., ) --* 0 and xn -~ x in the measure topology. 

(iv) II,(x~) - , (~) l lE~. , .~  -* 0 and ~(x~e) -~ ~(~e) for all projections e • M 

with T(e) < 00. 

If Af is a v o n  Neumann subalgebra of A,l, then A/" will be called p r o p e r  if 

the restriction TZ of V to A/" is again semi-finite. The proof of the following 

result, which is essentially due to Ovhinnikov [Ovl,2], may be found in [DDP2], 

Theorem 3.5. 

PROPOSITION 1.2: I f  O <_ X • A4, and iflimt--.oo #t(x) = O, then there exists a 

proper von Neumann subalgebra M c_ L°°(R + ) with #(x) • M ,  a proper com- 

mutative subalgebra A,4 C_ A,4 and a positive rearrangement-preserving algebra 

,-isomorphism J of M onto A,~ whose restriction to the projections of M is 

a Boolean algebra isomorphism onto the projections of A,I and for which 

L ( , ( x ) )  = x. 

If Af C_ A,l is a proper von Neumann subalgebra, then the conditional 

expectation 

is defined as in the commutative setting via the equality 

7z(C~,(x)y) = ~-(xy), x • L I ( M , T )  +M/t, y • LI(H,7:¢) NA/', 

and an appeal to the fact that the spaces L I (N ,  7z) +Af, LI(Af, 7:¢) NAf are dual 

in the sense of Khthe. See, for example, [DDP3] Theorem 5.6. 

LEMMA 1.3: Let A; C_ A4 be a proper yon Neumann subalgebra. I f  E is a 

separable symmetric space on R + , then £]¢(x) • E(Af, T~¢) for all x • E(A/I, ~-) 

and 

~ . ( E . ( x ) y )  = ~(xy) ,  x e E ( M , ~ ) ,  y • E ( : ¢ , ~ . ) *  = E * ( ~ V , ~ . ) .  

Proof." We observe that for each x • E(A4,7) ,  the mapping y ~ 7 (xy ) , y  E 

E ( H ,  r~)*, is a normal linear mapping in the sense of [DDP3] Definition 5.8 
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Consequently, by [DDP3] Theorem 5.11, there exists a unique element £(x)  E 

E* × (Af, v~¢) such that 

~. (E( . )y )  = ~(xy), x e E (M,~) ,  y e E ( / , ~ . ) * .  

Here, F × denotes the KSthe dual of F. It follows immediately that £ coincides 

with the restriction of£~ to E(A~/, ~-). Since E is separable, and ~ (x) -~ #(x) E 

E for all x E E(A/I, T), it follows that £(x) = C/(x)  E E(Af, T~c ) and this suffices 

to conclude the proof of the lemma. | 

2. K a d e c - K l e e  p r o p e r t i e s  in s y m m e t r i c  o p e r a t o r  spaces  

The following is an immediate consequence of [CDSS] Propositions 2.1, 2.4. 

PROPOSITION 2.1: Let E be a separable symmetric Banach function space on 

•+ with the Kadec-Klee property. I f  x, xn E E ,  i f  x -~ x n , n  = 1,2, . . . ,  and i f  

IIx,,llE --+ IlxllE, then the sequence { ~ ( x n ) )  converges to ~(x) in measure. 

LEMMA 2.2: Let E be a separable symmetric  Banach function space on ~+ with 

the Kadec-Klee property and let x E E(A4, 7), {xn} C E(A~, 7-). I f  xn --* x 

weakly and i f  [[x.[]~(~.,) -~ [[x[]~(~,,), then x~ --* x for the measure topology. 

Proo~ If x = u[x] is the polar decomposition of x then it is clear that u*x~ ~ Ix[ 

for the weak topology a(E(A~t,v),E(A/I,~-)*). Let Af = A~=j, M,=,, J,=j be as 

in the statement of Proposition 1.2. If £~¢is the conditional expectation from 

LI(A4,~ -) + A4 onto LI(Af),T~) + Af, then it follows from Lemma 1.3 that 

£j¢ (u*x,~) --* Ix I for the weak topology a(E(A/,  T~), E*((Af, T~)). Since 

for all z E E(A,/, T), it follows from a routine argument that 

We denote by $,=, the conditional expectation of ( L * +  L ~ ) ( R  +) onto 

(L 1 + L°°)(M,=I). 

Since E(Af, T~) is isometrically isomorphic to Jl=l o £~=I(E), it follows that 

E(Af, TH) has the Kadec-Klee property and so 
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and consequently, via  [DDP1], 

I I~ (C~ (u*z ,~) )  - ~ ( I x l ) l l ~  ---, o.  

For n = 1, 2 , . . . ,  set h,~ = #(CN(u*x~))  - ~(Ixl) and observe t ha t  

#(x) -~ p(h,~) + #(xn), n > 1. 

Since 

209 

II#(x) + t,(hn)l l~ -~ II#(x)l l~, 

it follows from Propos i t ion  2.1 preceding t ha t  # ( x n ) +  #(h,~) ~ #(x) in 

measure,  and since #(h,~) ---* 0 in measure,  it follows also t ha t  #(x,~) ---* #(x) 

in measure.  Now suppose tha t  g e E* is such t ha t  Ilgll~. = 1 and II#(x)lls = 

f t 0 , ~ )  ~t(x)~,(~)dt. S e t  

o #s(g)ds, t > O, ¢ ( t )  = ,t) 

and let A s be the corresponding Lorentz space on •+ consisting of all f E L 1 n L  °° 

for which 

" f l ' %  : = / 0 , o o )  #t ( f )¢ ' ( t )d t= j~[o,~) I~t(f)#t(g)dt < oo. 

Since E embeds  continuously into A s wi th  norm at  mos t  one, it follows tha t  

l imsup  II~(xn)ll^ s _< ~ i ~  II~(x~)ll~ = II~(x)LIA s . 

On the other  hand,  lower-semicontinuity of the norm on A m for convergence on 

measure  implies t ha t  

I I~(x) l l^~ _< lim_inf I I~(~n) l l^  s . 

Consequent ly  

I I ~ ( x n ) l l ^  s - ~  l l ~ ( x ) l l ^  , 

and so by  [CDSS] Corol lary 1.3, it follows tha t  

l l# (x ,O - #(x ) l l^  s ---, o. 
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Since A, embeds continuously into L 1 ÷ L °°, it follows also that  

Isr. J. Math. 

ll~(xn) - ~(~)ll,~,+~oo ~ 0. 

If  F is the closure of L 1 N L °° in L 1 + L °°, then F is separable and #(xn), 

#(x) E F for all n > 1. Since x~ --* x pointwise on LI(Ad,r )  f3 3,t and since 

[{#(x~) - #(x)llp = ]]#(xn) - #(x)l{r,+r~ ~ 0, it follows from the Theorem 1.1 

that  

Ilx~ - xl lF = {{xn - x { l ~ , + ~  - "  0 

and the assertion of the Lemma now follows. | 

LEMMA 2.3: Let (A4,r) ,  (A/',a) be semiflnite von Neumann algebras and let 

o < ~, y e ~ ,  o < ~, ~ e X;. I~ ~y = o, ~(~) -~ ~(~) and , ( y )  -~ ~(~), the~ 

~(~ + y) -~ ~(~ + ~). 

Proo~ Without  loss of generality, we may assume that  3,t contains no minimal 

projections. Otherwise we embed AA into A4 ® L°°([0, 1], dm) and observe that  

, ( x )  = , ( x  e : )  

where the decreasing rearrangement on the right is calculated relative to the ten- 

sor product  of r and the natural  trace induced on L °° ([0, 1], din) by integration. 

By [FK] Lemma 4.1, 

~0 t (1) #~(z)ds = sup{r(eze): e e AdP, T(e) <_ t}, 0 <_ z E A4, t >_ O. 

For t, e > 0, it follows from (1) and xy = 0 that  there exist disjoint projections 

el, e2 in 3,t and a real number 0 < a < t such that  

~-(ex) <_ ~ ,  ~-(e~) <_ t - 

and 

thus 

(2) 

fo t #s(x + y)ds < r(e lxe l )  + r(e2ye2) + ~; 

~0 c~ ~0 t-~ fo t #s(x + y)ds <_ #8(u)ds + #s(v)ds + e. 
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Again from (1), there exist projections e3, e4 in A,I such tha t  

~-(~) ~ ~, ~-(e~) < t - 

and 

211 

j~0 ~ ~0 t -~ (3) #~(u)ds + #~(v)ds < T(e3ue3) J- T(e4ve4) + ([. 

Set e = e3 V e4, then T(e) < t and 

/o' (4) T(e3ue3) + T(e4ve4) <__ T(e(u + v)e) <_ #8(u + v)ds. 

The  lemma follows now from (2), (3) and (4). | 

LEMMA 2.4: I£ (A4, v) is a semifinite yon Neumann algebra, and if  e, f are 

projections in M with ~-(f) < oo, then 

T( f  A (1 - e)) >_ r ( f )  - T(e). 

The  proof  of the Lemma  follows immediate ly  from the fact tha t  the projections 

f - f A (1 - e), f V (1 - e) -- (1 - e) are equivalent, together  with the equali ty 

f V ( 1 -  e ) -  (1 - e) = ( f  V ( 1 -  e)) A e. 

We show now tha t  sequences converging to  zero for the measure topology con- 

ta in  subsequences tha t  are approximately  bo th  right and left disjointly supported.  

For the case tha t  7-(1) < oo, the theorem which follows is proved in [Su], and in 

the case tha t  A4 is commuta t ive  is due to Kadec and Pelczynski [KP]. See also 

[KSS]. 

THEOREM 2.5: Let  E be a separable symmetric space on ~{+. I f  the sequence 

{xn} C_ E(A4, r) converges to zero in the measure topology, then there exists 

a subsequence {yn} c_ {x,,} and sequences {p,~}, {qn} of  mutually orthogonal 

projections in A4 such that 

Proof'. By [Su], Proposi t ion 2.2, we may  assume tha t  ~-(1) = co. We assume 

first t ha t  xn _> 0, n _> 1. Sett ing e,~ = Xt2_~ oo ) (x,~), n > 1, and passing to a 

subsequence if necessary, we may assume tha t  

--n .]_ ~(e~) < 2 -~, x~e~ = enx~ > 2-~e~, ~ e ~  = e ~ n  _< 2 e~ 
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for all n > 1 where f ±  -- l - f .  We set e = Vn>l  e~. Note t ha t  T(e) < 1. Passing 

to a further  subsequence if necessary and relabelling, it follows f rom the proof  of 

[Su], Propos i t ion  2.2 applied to the finite von N e u m a n n  algebra eAde, t ha t  there 

exists a sequence {p~} of mutua l ly  or thogonal  project ions in AA with  0 < p~ < e 

for all n > 1, such tha t  

We m a y  assume tha t  ± IIx~% IIE(~.~) 7 c~ O. By separabi l i ty  of E ,  there exist 

project ions 0 < f,~ < e~ such t ha t  f , x ~  = x~f~,  ~-(f~) < c~ and 

I I x . e ~  - x,~f~ll~¢.,.,T> < 2 - " ,  n >_ 1. 

Further ,  the es t imate  

shows tha t  r ( f ~ )  ~ c~. We now define a subsequence {n(k)} of na tu ra l  numbers  
II <DO r (:~ and sequences  {Pk}l , { k}l of project ions in A// as follows. Choose n(1) such 

tha t  

T(f~(1)) > T(e) and I]#(x,(1)f~(1))Xto,~,~]l~ < 2-1" 

Set r l  = e and let p"  1 -- f~(1) A (1 - e). Observe tha t  L e m m a  2.4 implies 

t ha t  p~' 7~ 0. I f  na tura l  numbers  n( j )  and project ions p ] ,  ej have been defined, 
II II 1 < j < k, set rk = e VPn(1 ) V ' ' 'VPk_l. Choose n(k)  such tha t  

7"(f,~(k)) > T(rk) and Jl#(x~(k)f,(k))Xto.~<~k~llE < 2 -k ,  

and set  p~ = f,~(k) A (1 -- rk). This  choice is possible because 0 < xn f~  < 

2 - ~ f , ,  n > 1. Prom L e m m a  2.4, it follows tha t  

T(f~(k) -- p~) = T(f , (k)  -- f , (k)  A (1 -- rk)) < T(rk), k >_ 1 
a 

and this implies as well tha t  p~ ~ 0. I t  is clear tha t  " " P,Pm = 0 for all n, m >_ 1, n 

m and, since p~ < 1 e, it follows also tha t  " ' - - PnPm =O, f o r a l l n ,  m-> 1 , n # m .  

We obta in  t ha t  

± ± u _ 2-k  i/ 

_<2 - k + l ,  k>__l. 
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By suitable relabelling, we may assume that  llxne~ ± " - xne,~p~llE(~.~) -* O. If we 

set p~ = p~ + p~ and observe that 

± I II I II x~pn = (xnen +xnen)(p~ +p~) = x~e~p n +x~e~p~, n > 1, 

we obtain that PnP,,~ = 0 for all n, m _> 1, n ¢ m and 

The assertion of the theorem now follows by the same argument as in the finite 

trace setting. We include the details for the sake of completeness. Suppose that  

{x~} C_ E(A,/,7) converges to 0 for the measure topology. By the first part 

of the proof applied to the sequence {Ix~l}, and passing to a subsequence if 

necessary, there exists a sequence {p,} of mutually orthogonal projections such 

that I] I x - ] -  Ix-[P-]IE(~,.) --* 0. From the polar decomposition, it follows that 

Again passing to a subsequence and relabelling, there exists a sequence {q~} of 

mutually orthogonal projections such that  [Ipnx* - p , x * q ,  []~(~,~) ---* 0, and the 

assertion of the theorem now follows. | 

If x E A4, then the right and left support projections of x are denoted by 

r(x), t(x) respectively. Recall that  if x = ulx t is the polar decomposition, then 

u*u = r(x) and uu* = l(x) (see, for example, [Ta]). If {x~} e A/f, then {x~} 

is said to be r igh t  (respectively, left) d i s jo in t ly  s u p p o r t e d  if and only if 

r(x,)r(x ,~)  = 0 (respectively, l(xn)l(xm) = 0) for all m ¢ n. 

LEMMA 2.6: Let E be a separable symmetric Banach function space on R +. 

Assume that x E E(AA, r) , that {yn} C E(AA, r) is both right and left disjointly 

supported and that y~ --~ 0 a(E(A4, r), E(A/I, T)*). There exists f E E and a 

sequence {/~} C_ E such that 

(i) f f ~ = f n f m = O ,  n , m ~ l , n y £ m ;  

(ii) /z(f) = #(x), /~(f~) = p(y~), n > 1; 

(iii) f ~ - ~ O  a(E,E*);  

(iv) IIf  + fll  - IIx + Ynl[~(~,~) --~ O. 

Proof'. We let R+ o~ f --- [.J~=0 ~ where In (7 Ij = O, n ~ j,  m(I~) = oo, n, j > 0 and 

each In is a countable disjoint union of semi-open intervals of the form [a, b). Let 

¢~: I~ ~ R + be a measure preserving bijection for each n > 0. We set 

f : = p ( z )  o¢o, f ,~:=#(y,~)oCn, n > l .  
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It is clear that (i) and (ii) are satisfied. To show (iii), let g • E* and set 

gn = gx~,,,n >_ 1. For each n > 1, we let A/In = A/I,~,,M~ = M,~I,J,~ = J,~,,I 

be as given by Proposition 1.2, and let £~ be the conditional expectation of 

(L 1 + L°°)(~ +) onto (L 1 + L~)(M,~). We observe that  

[o,~) f,~gdm = f[[o,o~) 

= f[o,~) 

w h e r e  Zn 

decomposition. Observe that  

Since 

tt(y,~) o ¢,~g~dm 

#(Yn)~n(gn o ¢ : l ) d m  

= ~ (J~(,(y~))J~(S~(g~ o ¢=~))) 

= ~(ly~lz~), 

= Jn(£n(g o gb~l)),n > 1. For n > 1, let Yn = unlynl be the polar 

~(r(yj)zju;)  < ~(z~) -~ ~(gJ), J > 1. 

l([r(yi)z~u;[ ) = r(r(yi)zju;)  < l(yj), j ~ 1, 

it follows from Lemma 2.3 that  

N N 

j = l  5=1 

and consequently 

N 

II ~ Ir(yi)ziu;lll~.(~,.) ~ Ilgll~.<~.~), 
5=1 

It follows from [DDP3] Corollary 5.12 that  

N 

= sup ~ Ir(yi)z~;I  
N7=_-~ 

exists in E*(.M,T) and that  

N > I ,  

N > I .  

y • E ( • ,  ~). ~(y~)  = ~ ~(y lr (y i )z~;I ) ,  
5>1 
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We let 

r (y j ) z j~ ;  = v~ ldyAz j~ ; I ,  j > 1 

be the polar decomposition, set v = }-~j_>l vj, with convergence for the strong 

opera tor  topology, and let z = vw 6 E*(A4,T) .  Since vjv] < r(yj) ,  it follows 

tha t  y . v  = y .v~ ,  for all n >__ 1, and since v~vj < l (yj) ,  j ___ 1, it follows tha t  

vnlr(yj)zju~l = O,n # j .  Consequently, 

-4y~z) = . ( w v ~ )  
O 0  

= ~ T(y~k(yAzj~; ] )  
j = l  

= ~ ( w r ( w ) z ~ < )  
f 

= ~-(ly.lz~) : / f~gdm, 
J[o ,c~) 

and the assertion of (iii) now follows. 

To establish (iv), if 

p~ = sup/(yi ) ,  qn = supr (y i ) ,  n > 1, 
i>n i>n 

then p~ T= 1, q~ T,~ 1 and it follows from [CSI] tha t  

i lx 2_ 2_ - p n x q n  [l~(~,~) "--* O. 

Since 

it follows easily tha t  

and so 

It follows tha t  

2_ 2_ ± 2_ 
Ipnxq. +Y~I + = tp~ ~q~ I Iv.l 

2_ 2_ 2_ 2_ 2_ 2_ 
#(p~xqn + Y n ) =  ly~l) v ¢ 0 + A )  "(Ipnxqn I+ = ( . (p ,~xq . )  o 

l 2_ _L 2_ 
= I b ( p . x q ~  ) o ¢o + AIIE. 

IIIx + w t l ~ ( ~ , . )  - l lA  + flL~l 
< l l z -  i ± 
_ p .  xqn 11~(~,.) + INv(p~xq~) -/~(x)l o Coils 

< 21Ix ± ± - -P,~xqn Ils(~,.) 
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and the statement of (iv) now follows. | 

We remark that  if in Lemma 2.6 preceding, the assumption that  Yn ~ 0 weakly 

is replaced by the assumption that Yn ~ 0 for the measure topology, then the 

conclusion of the Lemma continues to hold i f  assertion (iii) is replaced by the 

statement that  fn --~ 0 in measure. 

We may now state the principal result of this paper. 

THEOREM 2.7: I f  E is a separable symmetric Banach function space on •+, 

then E has the Kadec-Klee property i f  and only irE(Air, r )  has the Kadec-Klee 

property for every semifinite yon Neumann algebra (AJ, ~-). 

Proo~ Let x E E(A/l,T),{xn} c_ E(A/t,T). Suppose that  xn --~ x weakly 

and [[x~[[E(~,~) -* [[x[[s(~,~). It follows from Lemma 2.2 that xn -* x for the 

measure topology and so passing to a subsequence and relabelling if necessary, 

and appealing to Theorem 2.5, we may assume that there exists a right and left 

disjointly supported sequence y~ C_ E(A/I, T) such that xn = x + y~, n _> 1. Let 

f ,  {f~} be as in the statement of Lemma 2.6 and note that  fn + f --* f for the 

weak topology a (E ,  E*). Since 

it follows from Lemma 2.6(iv) that ]if 4- f~[IE -~ Hflls. Since E has the Kadec- 

Klee property, it follows that i[f~IIE --* 0. Consequently, 

and this completes the proof of the theorem. | 

In the trace ideal setting, the preceding theorem is due to Arazy [Ar]. 

Let E be a separable Banach function space on ~+. The space E(~4, 7) is said 

to have the Kadec-Klee property with respect to LI(A/I T) A A~ (respectively, 

the measure topology) if and only if x, xn E E(A/I,~-),n = 1,2,...,xn -~ x 

for the weak topology a(E(Azl, T), LI(A~, T) N AA) (respectively for the measure 

topology), [[xn[[E(:,,~) -~ [[x[[~(~,,) imply [Ixn - x[[E(~.,) ~ 0. We remark that  

if E has the Kadec-Klee property with respect to L 1 VI L °°, then evidently E has 

the Kadec-Klee property. However, the converse is not valid [CDSS], Example 

2.8 and Theorem 2.10. With the obvious notational changes, the proof of the 

preceding Theorem immediately yields the following result. 
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THEOREM 2.8: I r E  is a separable symmetric Banach function space on ~+, then 

E has the Kadec-Klee property with respect to L 1 N L °° i f  and only i fE(A, t ,  T) 

has the Kadec-Klee property with respect to LI(A,/, T) ~ A4 for every semifinite 

yon Neumann algebra (All, 7). 

In the trace ideal setting, the preceding theorem is noted in [Ar], with a more 

direct proof being given in Simon [Si]. 

THEOREM 2.9: I r E  is a separable symmetric Banach function space on ~+,  then 

E has the I<adec-Klee property with respect to the measure topology if  and only 

i rE(A4 ,  T) has the Kadec-Klee property with respect to the measure topology 

for every semifinite yon Neumann algebra (A,I, T). 

The preceding theorem follows easily from Theorem 2.5 and the remark follow- 

ing Lemma 2.6. We leave further details to the interested reader. The preceding 

Theorem 2.9 may also be found in [CS1], where it is proved by other methods. 

The present approach via Theorem 2.5 is not only somewhat simpler that  of [CS1] 

but provides a unified approach to the widen class of Kadec Klee properties con- 

sidered here. Let us mention that  it follows, in particular, from Theorem 2.9 that  

the spaces LP(A4, T), 1 _< p < oo have the Kadee-Klee property for the measure 

topology. This result was first proved by Fack and Kosaki ([FK], Theorem 3.7). 

If E is a separable symmetric Banach function space on R +, then it has been 

shown by A.A. Sedaev [Sel,2] that there exists an equivalent symmetric norm H" II0 

on E such that (E, I[" I[o) has the Kadec-Klee property with respect to L 1 N L°°; 

in particular, (E, ][. II0) also has the Kadec-Klee property, and from [CDSS], 

Proposition 1.7, it follows further that (E, 1] " 11o) has the Kadec-Klee property 

for convergence in measure. For the case of the usual Kadec-Klee property in 

symmetric function spaces on the interval [0, 1], see also [DGL]. It follows from 

Theorems 2.7, 2.& 2.9 that Sedaev's renorming theorem immediately carries over 

to the non-commutative setting. 

COROLLARY 2.10: I f  E is a separable symmetric Banach function space on ~+,  

then F(A,/, T) admits an equivalent norm H" I1' such that (E(A4, T), I1" II') has 

the Kudec-Klee property with respect to L 1 (A4, T) n A4, and the Kadec-Klee 

property with respect to convergence in measure. In particular, ( E(A,t, T), [[. [[') 
has the Kadec-t(lee property. 

We mention one further consequence of Theorem 2.9. Let T be the standard 
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t race  on £:(7-/). I f  A m is a separable  Lorentz  space on ~ + ,  then  A m has the K a d e c -  

Klee p roper ty  for convergence in measure,  by [CDSS] Corol lary 1.3. I f  we denote 

by C~ the t race ideal A~ (£:(7-/), T), then  Theorem 2.9 implies tha t  C~ has the 

Kadec -Klee  p roper ty  for convergence in measure.  Since the measure  topology 

coincides wi th  the opera to r  no rm topology in this special case, we ob ta in  the 

following character isa t ion of norm convergence in C~. 

COROLLARY 2.11: I f  A m is a separable Lorentz  space on ]~+, and i f  x, xn E 

C~, n >_ 1, then the following s ta tements  are equivalent: 

(i) IIx. - xIIc, 0. 
(ii) [[x~ - x][oo --* 0 and [[x~[]% --* [[x[[%. 
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